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Résumé. Le problème du clustering revient à regrouper des objets (points dans l’espace,
noeuds d’un graphe, lignes d’un tableau) partageant des propriétés similaires. Parmi les
nombreuses méthodes dédiées au clustering, le critère du K-means, ainsi que sa minimisation
par l’algorithme de Lloyd sont particulièremet populaires. Dans cet exposé de synthèse,
je détaillerai des arguments de Peng et Wei [8] étudiant différent relaxations convexes du
problème du K-means. Une première relaxation aboutit à un programme semi-défini (SDP),
tandis qu’une seconde relaxation correspond aux méthodes de clustering spectral.
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Abstract. The problem of clustering is that of grouping objects (points, nodes of a
graph, lines of a matrix) that share similar properties. In an Euclidean space, the K-means
criterion and its minimization based on Lloyd’s algorithm are really popular. In this talk, it
will detail some arguments of Peng and Wei [8] that pinpoint the connections between some
classical clustering algorithms such as the minimization of the K-means criterion, spectral
algorithms and SDPs.
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1 Introduction

Let X1, . . . , Xn be n points in Rp. Given a positive integer K > 0, the problem of clustering
amounts to build a partition G = (G1, . . . , GK) of [n] into K subsets in such a way that
points in the same group are closer than points in different groups.

One classical approach for this problem amounts to pick the partition Ĝ minimizing the
K-means criterion defined by

Ĝ := arg min
G

K∑
k=1

∑
a∈Gk

‖Xa −XGk
‖22 , (1)

where XGk
= 1
|Gk|

∑
b∈Gk

Xb is the mean of the points Xb in group Gk. unfortunately,

minimizing (1) over the collection of all partitions is known to be hard [3]. Iterative methods
such as Lloyd’s algorithm [6] or its variants [2] may only converge to local minima of the
objective function. There is therefore a need for tractable clustering procedures. The purpose
of this talk is to explain how spectral algorithms [1] and SDPs [7] formulations can be
interpreted as convex relaxations of the K-means problem.
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2 From K-means to Spectral algorithm and SDP

To describe these relaxations, it is helpful to consider the clustering matrix defined by

B∗ab =

{
1
|Gk|

if a and b are in the same group Gk,

0 if a and b are in a different group.

The groups in a partition G are in a one-to-one correspondence with the non-zero blocks of
B∗. Up to a permutation, B∗ is block diagonal and is constant on each block. Note that
defining B∗ allows, in some way, to circumvent the problem of label switching. We start
by rewriting the K-means criterion as a minimization problem involving matrices B. In
the sequel, Σ̂ := 1

p
XXT stands for the empirical covariance matrix associated to X. Simple

algebra leads to the following result.

Proposition 1. The partition ĜK−M associated to the minimization of the K-means crite-
rion also corresponds to

B̂K−M := arg min
B∈C0
〈Σ̂, B〉 ,

where C0 := {B ∈ Rn×n : B is a clustering matrix}.

Obviously, the domain C0 is not convex. Upon defining the convex set

C1 :=

B ∈ Rn×n :

• B < 0 (symmetric and positive semidefinite)
•
∑

a Bab = 1, ∀b
• Bab ≥ 0, ∀a, b
• tr(B) = K

 ,

we consider the estimator
B̂SDP := arg min

B∈C1
〈Σ̂, B〉 ,

which is the solution of a SDP. We also consider the second domain

C2 :=

{
B ∈ Rn×n :

• I < B < 0 (symmetric and positive semidefinite)
• tr(B) = K

}
,

to define the estimator
B̂Spec := arg min

B∈C2
〈Σ̂, B〉

Note that the solution B̂Spec is the orthogonal projection matrix onto the space spanned the

eigenvectors of Σ̂ associated to its K largest eigenvalues. As a consequence, B̂Spec can be

easily computed by a singular value decomposition, the construction of B̂Spec corresponds to
the first step of a spectral clustering algorithm.

Proposition 2. [8] We have the following inclusions

C0 ⊂ C1 ⊂ C2

This entails that the spectral estimator B̂Spec is a convex relaxation of the SDP estimator

B̂SDP , which is in turn is a convex relaxation of the K-means estimator B̂K−M .
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Note that the estimators B̂SDP and B̂Spec do not necessarily belong to C0 and therefore
may not define a proper partition of [n]. Nevertheless, one can easily estimate a partition

from any of these two matrices by applying for instance Lloyd’s algorithm to B̂SDP or B̂Spec.

Analyses of the SDP estimator B̂SDP may be found in [7] or [4] whereas clustering bounds

for B̂Spec have been derived e.g. in [1].

3 Extension to other models

One can follow a similar strategy to interpret some graph clustering algorithms such as those
of [5] as convex relaxations of a suitably defined K-means criterion.
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